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Abstract: Starting from the coadjoint Poincare´ algebra we construct a point particle relativistic
model with an interpretation in terms of extra-dimensional variables. The starting coadjoint Poincare´
algebra is able to induce a mechanism of dimensional reduction between the usual coordinates of the
Minkowski space and the extra-dimensional variables which turn out to form an antisymmetric tensor
under the Lorentz group. Analysing the dynamics of this model, we find that, in a particular limit,
it is possible to integrate out the extra variables and determine their effect on the dynamics of the
material point in the usual space time. The model describes a particle in D dimensions subject to a
harmonic motion when one of the parameters of the model is negative. The result can be interpreted
as a modification to the flat Minkowski metric with non trivial Riemann, Ricci tensors and scalar
curvature
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1 Introduction
The space-time symmetry algebra of non-relativistic string theory [1, 2] is the stringy Galilei algebra
[3–6]. This algebra contains a vector and an antisymmetric two tensor ”central” generators, and it can
be obtained as a contraction of the coadjoint Poincare´ algebra in D dimensions [7] with generators Pµ
and Mµν and two abelian charges Zµ and Zµν . The numbers of generators of the algebra is D(D+1).
A dynamical realization of the coadjoint Poincare´ algebra in three dimensions has appeared in
[8] where non-relativistic gravities in three dimensions [9–12] have been obtained as a non-relativistic
limit from the coadjoint Poincare´ gravity.
Here we will consider another realization of the coadjoint Poincare´ algebra in any dimension
constructing a particle action invariant under this symmetry. We will obtain the action using the
non-linear realization approach to space-time symmetries.
We will consider the Maurer-Cartan (MC) one-forms, constructed by the quotient of the coadjoint
Poincare´ algebra with respect to the Lorentz group generators. The coset space is described by three
types of coordinates, the Minkowski usual space-time coordinates, xµ and the coordinates ξµν and
ηµ associated to the generators Zµν and Zµ respectively. There are three MC forms associated to
the generators in the coset and, in principle, this allows various kind of dynamical models, describing
particles and, more generally, p-branes.
In this paper we will first concentrate on a particular particle model, using first the MC forms
associated to the generators Pµ and Zµν . We find that a combination of these forms describes a free
particle model in a space-time of D + D(D − 1)/2 dimensions, parametrised by the coordinates xµ
and ξµν . It is interesting to notice that, in this case, the extra-dimensions are not parametrised by
Lorentz scalars but by an antisymmetric tensor.
The signature of the Minkowski space time metric is mostly plus, however the total space time is
a space with more that one time. In D = 4, the signature is (1, 3). Instead, the extended space time
has dimensions 10 and the signature (4, 6), since the ”electric” coordinates ξ0i have negative signature.
Of course, the model obtained in this way has a symmetry much larger that the original coadjoint
Poincare´ algebra. In fact, the symmetry group is the Poincare´ group in D(D+1)/2 dimensions whose
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generators are D(D + 1)(D(D + 1)− 2)/8, which is much larger than the generators of the coadjoint
Poincare´ algebra.
The coadjoint Poincare´ symmetry offers a simple way to do a dimensional reduction, through the
MC one-form associated to the generator Zµ. This form contains the coordinates η
µ and a coupling
between the xµ’s and the ξµν ’s. This coupling breaks the Poincare´ symmetry in D(D+1)/2 space-time
dimensions to the coadjoint Poincare´ symmetry in D dimensions that contains the Poincare´ symmetry
in the same number of space time dimensions.
The model depends crucially on two parameters, one, z dimensionless, weighting the relevance of
the extra dimensional variables ξµν relatively to our space-time variables xµ. The other parameter R
with dimension of a length measures the relevance of the third MC form with respect to the first two.
In other words, it measures the importance of the coupling between xµ and ξµν . As we will show, the
dynamics of the variables ηµ defines a constant time-like vector, Fµ, which is the canonical momenta
associated to ηµ written in terms of lagrangian variables. The dynamics allows to integrate the variables
ξµν in terms of xµ in a particular limit where we send R→∞ and z → 0 as 1/R3. Therefore we can
construct an effective action for xµ. This effective action breaks the coadjoint Poincare´ symmetry of D
space time dimensions. The effective action describes a particle in D dimensions subject to a harmonic
motion, for z < 0, on a (D − 1) subspace orthogonal to the constant time-like vector Fµ. This gives
rise to a modification of the mass of the particle which, in the first quantised version produces a tower
of particle with mass spaced by the frequency of the oscillator, ω ∼ 1/
√
R. We show that this situation
can be also described as a modification to the flat Minkowski metric in D dimensions by a quadratic
term in the coordinates transverse to the vector Fµ. The modification of the flat metric is non trivial,
giving rise to non zero Riemann, Ricci tensor and scalar curvature. There are other two limits, one
sending z → 0 with R fixed. In this case we obtain a free particle in D dimensions (see later). The
other is R→∞ with fixed z which describes a free particle in D(D + 1)/2 dimensions.
The paper is organised in the following way: in Section 2 we introduce the coadjoint Poincare´
algebra and we evaluate the three MC forms. In Section 3 we discuss a model which can be interpreted
as describing a free particle in D(D + 1)/2 dimensions and we analyse its symmetries. In Section 4
we consider the dimensional reduction of the previous model through the addition of a second term
to the action obtained from the third MC form. The resulting model is invariant under two distinct
diffeomorphisms (diff). In Section 4.1 we discuss the constraints induced by the the diff-invariance.
In Section 4.2 we consider the limit where z → 0 and R → ∞ in a correlated way and proceed to
integrate out the variables ξµν , obtaining an effective action. In Section 5 we summarise the main
results obtained in this paper and we discuss also some perspective as, for instance, the extension to
strings and p-branes.
2 Maurer-Cartan one-forms
The coadjoint Poincare´ algebra is an extension of the Poincare´ algebra with a vector and an antisym-
metric rank-two tensor, Zµ and Zµν respectively, satisfying the commutation relations [7]
[Mµν , Zρ] = i(ηµρZν − ηνρZµ),
[Mµν , Zρσ] = i(ηµρZνσ + ηνσZµρ − ηµσZνρ − ηνρZµσ)
[Zµν , Pρ] = i(ηµρZν − ηνρZµ),
[Zµ, Pν ] = 0, [Zµ, Zν ] = 0, , [Zµν , Zρ] = 0, µ, ν = 0, 1 · · ·D − 1 (2.1)
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Let us consider the quotient space of the group generated by this algebra with respect to the Lorentz
group. A local parameterisation of the coset is given by
g = eix
µPµe
i
2
ξµνZµνeiη
µZµ (2.2)
The Maurer Cartan (MC) one-form is given by
Ω = −ig−1dg = dxµPµ + (dηµ − ξµνdxν)Zµ + 1
2
dξµνZµν (2.3)
or:
Ω = Ωµ1Pµ +
1
2
Ωµν2 Zµν +Ω
µ
3Zµ (2.4)
where
Ωµ1 = dx
µ, Ωµν2 = dξ
µν , Ωµ3 = dη
µ − ξµνdxν . (2.5)
It is easy to verify that the MC forms are invariant under the following transformations:
Pµ : δx
µ = aµ
Zµν : δξ
µν = ǫµν , δηµ = ǫµνxν
Zµ : δη
µ = ǫµ (2.6)
These transformations are generated by the right invariant vector fields
Pµ = −i ∂
∂xµ
, Zµ = −i ∂
∂ηµ
, Zµν = −i ∂
∂ξµν
+ i
(
xµ
∂
∂ην
− xν ∂
∂ηµ
)
) (2.7)
Furthermore the Lorentz group generators are
Mµν = −i
(
xµ
∂
∂xν
− xν ∂
∂xµ
)
− i
(
ηµ
∂
∂ην
− ην ∂
∂ηµ
)
− i
(
ξµρ
∂
∂ξ .νρ
− ξνρ ∂
∂ξ .µρ
)
(2.8)
3 A model with extra-dimensions
Starting from the MC forms given in (2.5) and using the non-linear realization approach to space-time
symmetries, one can construct many actions invariant under the coadjoint Poincare´ algebra. Here we
will consider an action involving only the coordinates xµ, ξµν through the pullback of two MC forms
Ων1 and Ω
µν
2 :
S1 = −M
∫
dτ
√
−x˙2µ −
z
2
ξ˙2µν , (3.1)
The sign of the parameter z is simply related to the sign with which the ”electric” , ξ0i, and the
”magnetic components, ξij , contribute to the line element in (3.1).
We assume also the following dimensions in mass:
[xµ ] = [ξµν ] = −1, (3.2)
Let us nos consider the global symmetries of this lagrangian. Since the ηµ variables do not appear,
we can eliminate all this dependence on the generators of eqs. (2.7) and (2.8). It follows that, for the
moment being, the symmetries generated by Zµ can be simply ignored. Also, the variables xµ and ξµν
– 3 –
are decoupled. Therefore, the model is invariant under two independent Lorentz groups, one acting
on the position variables and the other on ξµν . It is convenient to define the following quantities:
M1µν = −i
(
xµ
∂
∂xν
− xν ∂
∂xµ
)
(3.3)
and
M2µρ,σν = −
i
2
(
ξµρ
∂
∂ξσν
− ξσν ∂
∂ξµρ
)
(3.4)
Notice that the part of the original Lorentz group generators, excluding the ηµ part, is given by
M1µν + 2η
ρσM2µρ,σν (3.5)
We see that L1 is also invariant under the translations in xµ and ξµν generated by Pµ and Zµν
respectively. That is to say, our lagrangian is invariant under the two Poincare´ groups acting on xµ
and ξµν . In 4 dimensions we have 10 + 21 = 31 symmetries.
.However the full symmetry group of L1 is much larger. In fact introducing the following variables
yA = (xµ,
√
|z|
2
ξµν) (3.6)
we can write L1 as a lagrangian for a free particle in D(D + 1)/2 dimensions:
L1 = −M
√
−ηµν x˙µx˙ν − z
2
ηµρηνσ ξ˙µν ξ˙ρσ = −M
√
−ηAB y˙Ay˙B (3.7)
with
ηAB = (ηµν , ǫ(z)ηµρηνσ) (3.8)
In the particular case of D = 4 this is the lagrangian of a free particle moving in 10 dimensions.
The symmetry algebra of L1 is the Poincare´ algebra in D+D(D− 1)/2 dimensions. For example,
for D = 4, the Poincare´ group in 10 dimensions has 55 generators. In general, the generators of this
enlarged Poincare´ group are given by
PA = −i ∂
∂yA
, SAB = −i
(
ηAC y
C ∂
∂yB
− ηBC yC ∂
∂yA
)
(3.9)
Therefore, besides the two Poincare´ symmetries there are other symmetries intertwining the space of
the xµ with the one of the one spanned by ξµν :
Sµν,ρ = −i
(√
|z|
2
(ξµν
∂
∂xρ
−
√
2
|z|xρ
∂
∂ξµν
)
(3.10)
which together with the Poincare´ generators in D and D(D− 1)/2 dimensions span the full algebra of
the Poincare´ group inD(D+1)/2 dimensions. This analysis corresponds to the following decomposition
of the Poincare´ algebra in D(D + 1)/2 dimensions:
Poincare´ in D dim ⊕ Poincare´ in D(D−1)2 dim ⊕Sµν,ρ
– 4 –
As said before, the generators Sµν,ρ intertwine the x
µ with the ξµν -space. Or, said in other way,
they intertwine two different representations of the original Lorentz group in D dimensions, namely:
(1/2, 1/2) and (1, 0)⊕ (0, 1).
The analysis of the generators of the large Poincare´ algebra in terms of the original Lorentz algebra
in (2.8) is made explicit in the tables 1 and 2. Besides giving the details for D = 4 we do the same
for D = 3. This case is of particular interest because all the dynamical variables are three-vectors:
xµ, ξµ =
1
2ǫµνρξ
µν , ηµ.
Table 1. Translation generators
generators dimensions D=3 D=4
PA D(D + 1)/2 6 10
Pµ D 3 4
Zµν D(D − 1)/2 3 6
Table 2. Lorentz generators
generators dimensions D = 3 D = 4
SAB D(D + 1)(D(D + 1)− 2)/8 15 45
Sµν D(D − 1)/2 3 6
Sµν;ρσ D(D − 1)(D(D − 1)− 2)/8 3 15
Sµν;ρ D(D(D − 1)/2 9 24
4 Dimensional reduction
We will now introduce a further term in the action, Using the pull back of the Maurer-Cartan one-
forms, of Section 2,
S =
∫
dτ(L1 + L2) = S1 + S2 (4.1)
where
L1 = −M
√
−x˙2µ −
z
2
ξ˙2µν L2 = −
1
R2
√
−(η˙µ − ξµν x˙ν)2 (4.2)
The model contains an extra vector ηµ associated to the generator Zµ. Given the dimensions in mass
of xµ and ξµν , the dimension in mass of ηµ is given by:
[ηµ] = −2 (4.3)
An interesting feature appears due the introduction of the term depending on the MC form Ωµ3 :√
−(η˙µ − ξµν x˙ν)2. The Poincare´ algebra in D(D + 1)/2, with many times, is explicitly broken to the
Poincare´ algebra in D dimensions, but there is an emergent symmetry generated by Zµ which was
acting trivially on the lagrangian (3.1), Therefore this term gives rise automatically to a dimensional
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reduction from D(D+1)/2 to D dimensions. It should be noticed that the extra-dimensional variables
ξµν , at difference with the usual models with extra dimensions, are not Lorentz scalars, but rather
they belong to a non-trivial representation of the Lorentz group.
The action (4.1), besides the global invariance under the coadjoint Poincare´ algebra, it is invariant
under two diffeomorphisms, one associated to S1 and the other to S2. To study this point, let us
consider the Euler-Lagrange derivatives of the total action
δS
δxµ
= − d
dτ
(
M
x˙µ√
−x˙2µ −
z
2
ξ˙2µν
− Fρξρ.µ
)
(4.4)
δS
δξµν
= − d
dτ
(
zM
ξ˙µν√
−x˙2µ −
z
2
ξ˙2µν
)
−
(
Fµx˙ν − Fν x˙µ
)
(4.5)
δS
δηµ
= − d
dτ
Fµ (4.6)
where
Fµ =
1
R2
(η˙µ − ξµρx˙ρ)√
−(η˙µ − ξµν x˙ν)2
(4.7)
The Euler-Lagrange derivatives are invariant under coadjoint Poincare´ transformations (2.6) and
are not independent. In fact, we have two Noether identities (see for example [15–17]), the first one
associated to the diff-invariance of the total action, and the second one to the diff-invariance of S2:
x˙µ
δS
δxµ
+
1
2
ξ˙µν
δS
δξµν
+ η˙µ
δS
δηµ
= 0 (4.8)
(η˙µ − ξµρx˙ρ) δS
δηµ
= 0. (4.9)
Therefore we have two gauge symmetries
δ1xµ = ρ1x˙µ
δ1ξµν = ρ1 ξ˙µν
δ1ηµ = ρ1η˙µ
δ2xµ = δ2ξµν = 0, δ2ηµ = ρ2 (η˙µ − ξµρx˙ρ) (4.10)
where ρ1 and ρ2 are arbitrary functions of τ . The transformation with parameter ρ1 is the ordinary
world-line diffeomorphism. We can check explicitly that these transformations leave the lagrangian
(4.1) invariant up to a total derivative:
δ1L =
d
dτ
(ρ1L) (4.11)
and
δ2L1 = 0, δ2L2 = c
d
dτ
(ρ2L2) (4.12)
It is convenient define the analogue of the proper time for this model as:
ds =
√
−x˙2µ −
z
2
ξ˙2µνdτ (4.13)
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Notice, that this is nothing but the proper time for the particle in D(D+1)/2 dimensions. Of course,
the choice of this parameter is equivalent to the gauge choice:√
−x˙2µ −
z
2
ξ˙2µν = 1 (4.14)
Using the expressions (4.4)-(4.6) and (4.8) inside (4.9) we get the identity:
dxµ
ds
L1µ +
1
2
dξµν
ds
L2µν ≡ 0 (4.15)
where
L1µ =M
d
ds
dxµ
ds
− Fρ
dξρ.µ
ds
(4.16)
L2µν = zM
d
ds
dξµν
ds
+
(
Fµ
dxν
ds
− Fν dxµ
ds
)
(4.17)
The equations of motion are obtained from the vanishing of the expressions (4.4), (4.5) and (4.6).
Using F˙µ = 0 (from (4.6)) in eq. (4.4), the other two equations of motion can be written as
L1µ = 0, L
2
µν = 0 (4.18)
The identity (4.15) shows that the two equations of motion are not independent one from the other.
There are two interesting limiting situations that we could consider:
1) - R→∞ with z fixed and different from zero. In this case the action (4.1) reduces to the first term,
that is the action of a free particle in D(D + 1)/2 dimensions.
S = −
∫
dτM
√
−x˙2µ (4.19)
2) - z → 0 with fixed R. This would correspond to the choice
S =
∫
dτ
(
−M
√
x˙2µ −
1
R2
√
−(η˙µ − ξµν x˙ν)2
)
(4.20)
Then, the kinetic term for ξµν vanishes and these variables become non-dynamical. From their
variations we get (
Fµ
dxν
ds
− Fν dxµ
ds
)
= 0, (4.21)
which has the solution
Fµ = f(τ)x˙µ (4.22)
Then, from the condition that Fµ is a time-like vector, F
2 = −1/R4, we get
Fµ =
1
R2
x˙µ√−x˙2 (4.23)
But Fµ is constant, therefore
d
dτ
x˙µ√−x˙2 = 0 (4.24)
which it is the equation of motion of a free particle.
A third possibilities is to send R → ∞ and z → 0 in a correlated way, namely z ≈ 1/R3. This
case will be discussed in detail in Section 4.2
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4.1 Hamiltonian analysis and canonical action
As we have seen, the model described in this Section admits two gauge symmetries. Therefore we
expect the presence of two first class constraints in the phase space. To this end, let us perform the
hamiltonian analysis of (4.1).
We start by computing the canonical momenta
pµ = M
x˙µ√
−x˙2µ −
z
2
ξ˙2µν
− 1
R2
(η˙ν − ξνρx˙ρ)ξν. µ√
−(η˙µ − ξµν x˙ν)2
(4.25)
πµ =
1
R2
(η˙µ − ξµρx˙ρ)√
−(η˙µ − ξµν x˙ν)2
≡ Fµ (4.26)
πµν = zM
ξ˙µν√
−x˙2µ −
z
2
ξ˙2µν
(4.27)
where we have introduced the quantity Fµ, as the momentum associated to η
µ in terms of the la-
grangian variables.
From the previous expressions we see that there are two primary constraints
φ1 =
1
2
(
(pµ + πρξ
ρ
.µ)
2 +
1
2z
π2µν +M
2
)
= 0, φ2 =
1
2
(π2µ +
1
R4
) = 0 (4.28)
These two constraints are first class:
{φ1, φ2} = 0. (4.29)
Therefore there are no secondary constraints. Notice that in the two limits that we have previously
considered, only the constraint φ1 survives. In the first case we get the mass-shell constraint for a
particle in D(D + 1)/2 dimensions, whereas, in the second case we get the mass-shell condition for a
particle in D dimensions.
The presence of two first class constraints implies the existence of two gauge transformations given
by
δ¯iA = {A, ǫiφi}, (4.30)
where ǫi(τ) are the gauge parameters. These transformations are the same as the ones given in (4.10)
after the following identification of the parameters ρ1, ρ2
ǫ1 =
1
M
ρ1
√
−x˙2µ −
z
2
ξ˙2µν , ǫ2 = R
2ρ2
√
−(η˙µ − ξµν x˙ν)2 (4.31)
with the exclusion of δ¯1ηµ for which the variation is a combination of two of the gauge transformations
of (4.10):
δ¯1ηµ = ρ1ξµρx˙
ρ = δ1ηµ − ρ1
ρ2
δ2ηµ (4.32)
Under these transformations we have
δ¯1L1 =M
d
dτ
(ǫ1L1), δ¯1L2 = 0 (4.33)
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and
δ¯2L1 = 0, δ¯2L2 =
1
R2
d
dτ
(ǫ2L2) (4.34)
The canonical action is given by
Sc =
∫
dτ
(
pµx˙
µ +
1
2
πµν ξ˙
µν + πµη˙
µ − e1φ1 − e2φ2
)
(4.35)
The degrees of freedom in phase space are 2D for xµ, pµ, D(D − 1) for ξµν , πµν and 2D for ηµ, πµ.
The physical degrees of freedom will be 2D +D(D − 1) + 2D − 2× 2 = D2 + 3D − 4, where we used
the fact that there are two first class constraints.
4.2 The effective action
In this Section we would like to consider the limit R → ∞ and z → 0 as z → 1/Rγ, γ > 0. We
will integrate out the variables ξµν at the first non vanishing order in 1/R. obtaining an effective
action which, at the lowest order describes a free particle in D dimensions, whereas at the next order
the equations of motion describe a particle in a quadratic potential, that could be also interpreted
as a correction to the Minkowski flat metric. The quadratic potential involves only the coordinates
orthogonal to the time-like constant vector Fµ defined in (4.7). This effective action breaks the
coadjoint Poincare´ symmetry in D space time dimensions. The effective action describes a particle in
D dimensions subject to a harmonic motion, for z < 0.
In order to obtain an effective action from the decoupling of the extra dimensions, we will consider
the equations of motion for xµ and ξµν in an arbitrary gauge and using F˙µ = 0
d
dτ
(
M
x˙µ√
−x˙2µ −
z
2
ξ˙2µν
)
= Fρξ˙
ρ
µ (4.36)
d
dτ
(
zM
ξ˙µν√
−x˙2µ −
z
2
ξ˙2µν
)
= −
(
Fµx˙ν − Fν x˙µ
)
(4.37)
Let us introduce the coordinates longitudinal and transverse to Fµ,
xL =
F · x√−F 2 , x
T
µ = xµ − Fµ
F · x
F 2
, (4.38)
implying x2 = −(xL)2 + (xT )2. Making use of F˙µ = 0,we integrate eq. (4.37) obtaining
zM
ξ˙µν√
−x˙2µ −
z
2
ξ˙2µν
= −
(
Fµx
T
ν − FνxTµ + αµν
)
(4.39)
where
αµν = −zM ξ˙µν√
−x˙2µ −
z
2
ξ˙2µν
∣∣∣
τ=0
−
(
Fµx
T
ν (0)− FνxTµ (0)
)
(4.40)
In order to integrate out completely the dependence on the ξ variables, we need to eliminate in αµν
the dependence on the initial condition on ξ˙µν .This can only be done assuming that the first term
in the expression of αµν vanishes in the limit we are considering. Therefore, we will require that for
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R → ∞, the parameter z goes to zero faster than the second term, that is: z → 1/R3. Then the eq.
(4.39) can be written as:
zM
ξ˙µν√
−y˙2 − z2 ξ˙2
= −
(
Fµy
T
ν − FνyTµ
)
(4.41)
with
yµ = xµ − xµ(0) (4.42)
Squaring the eq. (4.41) we get
ξ˙2 = − T
2
z2M2
y˙2
1 + T 2/(2zM2)
(4.43)
where
Tµν = −
(
Fµy
T
ν − FνyTµ
)
(4.44)
from which
x˙2 +
z
2
ξ˙2 = y˙2 +
z
2
ξ˙2 =
1
1 + T 2/(2zM2)
y˙2 (4.45)
It is convenient to define
W (yT ) =
1
1 + T 2/(2zM2)
=
1
1− (yT )2/(zM2R4) (4.46)
Substituting into the equation of motion for xµ, (4.36), we get
1√
−Wy˙2
d
dτ
y˙µ√
−Wy˙2 −
1
zM2R4
yTµ = 0 (4.47)
If we introduce the gauge fixing
√
−Wy˙2 = 1, the equations of motion on this gauge become
y¨µ − 1
zM2R4
yTµ = 0 (4.48)
which for z < 0 represents a harmonic motion in the transverse coordinates.
The diff invariant equation of motion (4.47) can be obtained from the action
S = −M
∫
dτ
√
−
(
1− (y
T )2
zM2R4
)
y˙2 (4.49)
Notice that the action (4.49) can be interpreted as the action of a particle in a background metric
given by
gµν =
(
1− (y
T )2
zM2R4
)
ηµν (4.50)
The Christoffel symbols from this metric are given by
Γσµν = −
1
zM2R4
(
yTµ δ
σ
ν + y
T
ν δ
σ
µ − (yT )σηµν
)
(4.51)
In order to evaluate the Riemann tensor we notice that the quadratic term in the Christoffel symbols
is of higher order in 1/R and therefore can be neglected:
Rσρµν ≈ ∂νΓσµρ − ∂µΓσνρ = −
1
zM2R4
(
Pνρδ
σ
µ − Pµρδσν + P σµ ηνρ − P σν ηµρ
)
(4.52)
– 10 –
where
Pµν = ηµν − FµFν
F 2
(4.53)
Then, we have
Rµν = R
ρ
µρν = −
1
zM2R4
((D − 1)ηµν + (D − 2)Pµν) (4.54)
and, for the scalar curvature:
Rµµ = −
2
zM2R4
(D − 1)2 (4.55)
In the particular reference frame Fµ = (1/R2,~0 ), we get
R00 = +
1
zM2R4
(D − 1), Rij = − (2D− 3)
zM2R4
δij (4.56)
Notice also that the square mass term associated to the extra variables in the original formulation
is zM2. Therefore this gravitational field is entirely dependent on the extra dimensional space.
As we have shown at the lowest order in 1/R we get a particle moving in a quadratic potential
in the transverse variables yT . However, the action depends on a constant vector Fµ that ,at this
level, should be thought as a given vector. Correspondingly the Lorentz invariance and the spatial
translations are broken. On the other hand the action is invariant under a diffeomorphism, therefore
we expect a first class constraint. In fact, from
pµ =M
√
1− (y
T )2
zM2R4
y˙µ√
−y˙2 (4.57)
we get
p2 +M2
(
1− (y
T )2
zM2R4
)
= 0 (4.58)
At the lowest order we can evaluate the shift in mass due to the perturbation originating from the
extra coordinates; let us put
pL = M + ǫ (4.59)
Inserting this expression in the mass shell condition we get
ǫ =
1
2M
(pT )2 − 1
2zMR4
(yT )2 (4.60)
Therefore, if z < 0, from the quantum point of view this means that there are no negative energy
states, and the shift in mass is given by
ǫ = ~ω(n+ 1/2) (4.61)
with
ω2 =
1
|z|M2R4 (4.62)
Notice that we could have started from the Klein-Gordon equation associated to the mass-shell
constraint (4.58) and deriving the energy eigenvalues. The result would have been E2n = M
2 +
2M~ω(n+1/2). Expanding the positive energy solution at the order 1/R, we find that the correction
to pL is the one in (4.61).
Summing up we have seen that starting from the original action (4.1), invariant under coadjoint
Poincare´ transformations, and integrating out the variables ξµν (the variables associated to the extra
dimensions), the associated effective action (4.49) describes for z < 0 a harmonic oscillator.
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5 Conclusions and outlook
In this paper we have considered a dynamical model based on a non-linear representation of the
coadjoint Poincare´ group, which has a natural interpretation in terms of extra dimensions. At difference
with the models of this sort, here the extra dimensions are described by an antisymmetric tensor with
respect to the Lorentz group and contains many times.
Given our space-time in D dimensions, the total space has D(D + 1)/2 dimension, meaning 10
dimensions for D = 4. The dimensional reduction from D(D + 1)/2 dimensions to D is performed
through a term coupling together the coordinates xµ and ξµν , This term introduces another vector
ηµ giving rise to a constant time-like vector, Fµ (the momentum conjugated to ηµ), but always
maintaining the invariance under the coadjoint Poincare´ symmetry.
We have studied the model in a particular limit, where it is possible to integrate out the extra
dimensional coordinates. The effective action obtained in this way describes a particle in D dimension
moving in a quadratic potential in the D− 1 space orthogonal to the time-like vector Fµ. In the case
of z negative, in a first quantised version, this gives rise to a mass spectrum of a harmonic oscillator.
The quadratic potential has an interesting interpretation in terms of a modification to the Minkowski
flat metrics. The resulting metrics depends on the constant time-like vector Fµ and has non-vanishing
Riemann, Ricci tensor and scalar curvature.
In practice we have shown that the existence of extra dimensions, with non trivial behaviour with
respect to the Lorentz group, is capable to modify the geometry of our space-time.
We think that this example might offer new interesting possibilities for constructing new models
of theories with extra dimensions and about the relative dimensional reduction.
About this point, it will be interesting to study the extension of this model to p-branes. Using
the pull-back of the MC forms in eq. (2.5) we can construct an action invariant under the coadjoint
Poincare´ algebra for strings and more generally for p-branes. For instance we can consider the string
extension of the diff-invariant model for a point particle considered previously. We will describe the
strings in the Polyakov formulation with a metric in the world-sheet [18] 1. All the dynamical variables
are functions of the two variables (σ, τ) which are also denoted by ξα, α = 1, 2. We will introduce
also the following quantities
γ1αβ =
∂xµ
∂ξα
∂xµ
∂ξβ
, γ2αβ =
1
2
∂ξµν
∂ξα
∂ξµν
∂ξβ
, γ3αβ =
(
∂ηµ
∂ξα
− ξµρ ∂xρ
∂ξα
)(
∂ηµ
∂ξα
− ξµσ ∂x
σ
∂ξα
)
(5.1)
Then, the Polyakov action analogous to the one that we have used for the point particle is
S = − 1
4πα′
∫
dσdτ
√
−hhαβ(γ1αβ + zγ2αβ)−
1
4πβ′
∫
dσdτ
√
−hhαβγ3αβ (5.2)
where hαβ is an arbitrary two-dimensional metric, h = det(hαβ). Eliminating the zweibeins via their
equations of motion, one gets:
S = − 1
2πα′
∫
dσdτ
√
− det(γ1αβ + zγ2αβ)−
1
2πβ′
∫
dσdτ
√
−det(γ3αβ) (5.3)
This action can be easily generalised to the action of a p-brane. For this, it is sufficient to go from
a 2-dimensional world-sheet to a p + 1 dimensional, implying α, β = 1, · · · , p + 1 and to replace the
volume element
dσdτ → dξ1 · · · dξp+1 (5.4)
1we will use the notations of Zwiebach’s book [18]
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Also in this case, neglecting the second term in the action, we obtain the action for a D(D+1)/2
dimensional string (or p-brane). In the case of D = 4 a 10-dimensional extended object.
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